Some remarks on conics on a projective plane

I want to prove that under projective transformations, any non-degenerate conic
can be mapped to any other non-degenerate conic.

1. Conics 1IN RP?

As discussed in class, the conics in RP? are defined to be the zeroes of a second
degree equation of the form
q(X,Y,7) :=aX?+2bXY +cY? 4+ 2dXZ +2eYZ + fZ* =0

1.1. Quadratic forms and bilinear forms. We begin by observing that ¢(X,Y, Z)
can be written as

a b d X
(1.1.1) XY, 2)=(X Y Z)[b ¢ e]|]|Y
d e f Z

1.1.2. Notation. For the sake of brevity, let us denote
X a b d
v=|Y A=1|b ¢ e
VA d e f

1.1.3. Therefore, ¢(X,Y, Z) = v Av.
1.1.4. Note that this is a quadratic form corresponding to the bilinear form
(v,w) > v" Aw, v,w € R,
Now we recall a result from linear algebra.

1.1.5. Proposition. Suppose for v and w in R™ if (v,w) — B(v,w) is a bilinear
form, then there exists a basis for R™, with respect to which B is represented by a
matriz of the form

L. 0 O
0 -1, 0
0O 0 O

A wvery brief sketch of the proof. First note that if a bilinear form satifies B(v, w) =
0 for all v,w € V, the respective matrix is forced to be the zero matrix, in which
case we are done.

Suppose there exist v and w such that B(v,w) # 0. We shall construct a u such
that B(u,u) # 0. If B(v,v) # 0, take u = v. Similarly, if B(w,w) # 0 take u = w.
If B(v,v) = B(w,w) = 0, note that B(v + w,v + w) = 2B(v,w) # 0. Therefore
take u = v + w.

If B(u,u) > 0, let by = uw/y/B(u,u). In this case B(b1,b1) = +1. In case
B(u,u) < 0, take by = u/+/—B(u, u) in which case B(by,b;) = —1.

Let bi be the vector subspace

{veV | B(by,v)=0}.

For any basis ea, ..., e, of b, the matrix for B will look like

+1 0t
0 B

where the +1 stands for B(b1,b1). Now restricting the bilinear form to bll7 our
result follows by induction. O
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1.1.6. Note that the bilinear form we are considering is symmetric. (One can
associate a symmetric bilinear form to any quadratic form, since z'Qx = x*((Q +
Q')/2)z for any matrix Q.)

1.2. Effect of projective transformations on the formula of a conic. We
know that a projective transformation is given by an invertible linear map T : R? —
R3. Suppose

T(el) =
T(eg) = V3
T(eg) = V3

where e; is the standard basis element with 1 at the i-th place and zero everywhere
else.

1.2.1. Therefore, the matrix of T" would look like (v; ve v3). Now for a vector

a
v=|b]| eR3,
c
v = aqui + fvs + yvz where
« a
gl=1""
v
One way to see this is to note that,
a a a
ae1 + bes + ces = (61 es 63) bl =TT b = (vl Vg 113) 7'
c c c

Thus if v = (a, b, ¢)! is a point on the conic, i.e. v*Av = 0, in the new coordinates,
we shall have (o 8 v)T' AT (a 3 7).

1.2.2. Thus starting with a symmetric bilinear form (v,w) ~ v!Aw, suppose we
find a basis z1, 22, z3 such that afAz; = 0 for i # j and is £1 for i = j. Then the
transformation (z1 z2 x3) will reduce the equation of the conic to a standard form.

2. EXAMPLE

2.1. Finding the basis.

2.1.1. Suppose we want to find the projective transformation which transforms
Y2+ 2XZ + Z?% into a circle (U? + V2 — W2 for some U, V and W).

2.1.2. Note that

0 0 1 X
V242XZ+2°=(X Y Z)|0 1 0] |Y
1 0 1 Z
2.1.3. Consider the bilinear form B(v,w) defined by
0 0 1 w1 U1 w1
B(’U, ’LU) = ('Ul V2 ’Ug) 01 0 (%) for v = v2 ], w= (%)
1 01 Ws U3 w3

In short, B(v, w) = vswy + vaws + viws + vzws.



2.1.4. Note that B((0,0,1)% (0,0,1)%) = 1. Set

0
U=1{0
1

Note that in this case B(U, U) is already of the form £1. In case, it was nonzero but
not of the form +1, we would have to replace U by U/+/B(U,U) in case B(U,U) > 0

or by U/y/—B(U,U) in case B(U,U) < 0.

2.1.5. Now we do the same procedure on the space orthogonal' to (U). The or-
thogonal space is

Ut = {veR? | BUwv) =0} ={(vi,v2,v3)" €R® | vy +v3=0}
={(a,b,—a)" |a,beR}.
Note that (0,1,0)t € U+ and B((0,1,0)%,(0,1,0)!) = 1 and hence we set

0
V=11
0

Now look at the orthogonal space
V+={(a,b,—a)" | B((0,1,0)",(a,b,—a)" =0}
={(a,b,—a)' |b=0}={(a,0,—a)" |a€R}.
For the sake of complicating the example let us look at W’ = (2,0-2)t. B(W',W') =
(—2)2 + 2(—2) + (—=2)(—2) = —4. Therefore, we take W = W'//4, that is

1
W=120
-1

2.1.6. Therefore, the basis we want is given by U, V and W.
2.2. The transformation.
2.2.1. By the discussion in 1.2.2, the transformation T' = (U v W) would satisfy

0 0 1 10 0
T"{0o 1 o|T=(0 1 0O
1 01 0 0 -1
2.2.2. Hence the formula of the conic after transforming by 7' is
10 0 o
(a B 7) 01 0 Bl=a’+p2-~*=0
0 0 -1 0%

which is nothing but the equation of a circle.

2.2.3. Now suppose you want to find the transformation which takes a non-degenerate
conic given by the equation, say f(X,Y,Z) = 0 to another non-degenerate conic
given by the equation, say g(X,Y;Z) = 0. One way to do this will be to find a
transformation, say 7', which takes f = 0 to the circle and find another transfor-
mation, say S, which takes ¢ = 0 to a circle. Then S~! o T will take f = 0 to
g=0.

Lwith respect to B



